We show that the abc conjecture of Masser-Oesterlé-Szpiro for number fields implies that there are infinitely many non-Fibonacci-Wieferich primes. We also provide a new heuristic for the number of such primes beneath a certain value.
Wall's conjecture
The Fibonacci sequence {F n }, our main character in this story, is a sequence generated by the relation 
What about modulo 4 or modulo 5? What about modulo any integer?
It is not hard to observe that the sequences always form a cycle. We are curious about the length of these cycles. We use π(m) to represent the period of the Fibonacci sequence modulo m. In 1960, D.D. Wall [9] investigated this function and gave the following beautiful theorems.
Theorem 1 (Wall) . The function π is a multiplicative function, i.e. if m is a positive integer, and m = p 
In order to understand a multiplicative function, it is sufficient to study the value of the function at prime powers. This motivation gives us the following theorem.
Theorem 2 (Wall) . For all prime p, we have the following two cases:
This seems to be the end of the whole story, but like all good stories, it never ends so easily. At the end of his paper, Wall offered the conjecture that π(p) = π(p 2 ) for all primes p. This is called Wall's conjecture, and has remained unsolved for over 50 years. A small step to answer this question is to show that infinitely many primes satisfy Wall's conjecture, and that is the goal of this paper.
We are curious about the position where zero first occurs in the sequence {F n mod m}. Let l := l(m) be the smallest integer such that F l ≡ 0 mod m. The identity F n+k = F n F k+1 + F n−1 F k shows that
Using induction, one can easily show the following statement:
This implies that l(p) ≤ l(p 2 ). Now, let us look closely at F l(p e ) . It is well-known that the closed form of F n is
where has zero divisors, so some elements have no inverse. However, we should note that αᾱ = −1, so α andᾱ are invertible in this ring. Also, if we choose p = 2 or 5, then 2 and √ 5 are both invertible. The assumption p = 2 or 5 is not a big deal since it can be checked that both 2 and 5 satisfy Wall's conjecture Denote l(p e ) by l. We will show that l is the order of (αᾱ
× . Let n 0 be the order of (αᾱ −1 ), so by definition
Hence, this implies
and it follows that F n0 ≡ 0 mod p e . By Lemma 2.1, l divides n 0 . Conversely, the definition of l shows that
is not a zero divisor, it follows that (αᾱ −1 ) l ≡ 1 mod p e . By Lagrange's Theorem, l must be divisible by the order n 0 , which implies our desired result, l = n 0 , or formally Lemma 2.2. For p = 2 or 5, the integer l(p e ) is the order of (αᾱ
These observations lead us to the following key lemma.
Lemma 2.3 (Main Lemma
. We assume p = 2 or 5. If p is a prime dividing F n , and
Proof. Denote l(p) by l. By Lemma 2.1 and Lemma 2.2, our assumption implies
The implication of the main lemma is that if we can show that the squarefree part of F n ,
goes to infinity where p N if and only if p|F n but p 2 |F n , we will have shown that there are infinitely many primes p such that Wall's conjecture holds. Unfortunately, in this paper we are unable to show this without another important conjecture, the abc conjecture.
In the following context, we only consider the number field Q( √ 5). The ring of integers of Q( √ 5) is Z[α] = {x + yα | x, y ∈ Z} which is a generalization of integers Z. One of the important properties Z[α] shares with Z, is that any element can be factored into a product of primes uniquely. In order words, for any a ∈ Z[α] we can uniquely write a = uq Readers can refer to Bombieri and Gubler [1] for more detail about height functions. The height function is proportional to the algebraic complexity or number of bits needed to store a point. From this idea, we can expect that there are only finitely many points of which the complexity is bounded. The theorem for this finiteness property is called Northcott's theorem [8] .
The idea of the abc conjecture is that if the point (a, b, c) is on the hyperplane X + Y + Z = 0, i.e. a + b + c = 0, and (a, b, c) is written in the lowest term, then the complexity of this point can somehow be bounded by all prime factors of a, b and c. We call the product of all prime factors of a, b and c the radical. With these definitions, we can state the abc conjecture of Masser-Oesterlé-Szpiro. Proof. Let U n := p Fn p be the squarefree part of F n and rewrite F n = U n V n . For the sake of contradiction, we suppose U n is bounded, i.e. there exists a constant B such that U n < B for all n. We start our argument by considering the closed form of the Fibonacci numbers, and it follows that √ 5F n − α n +ᾱ n = 0.
Since α is a unit, the point ( √ 5F n , −α n ,ᾱ n ) is written in the lowest term. Thus, the abc conjecture implies that, for any ε, there exists a constant C ε such that
By definition, we have
Now, we would like to estimate the radical. Since α andᾱ are units, all prime factors are coming from √ 5F n . Therefore, we have rad(
It follows that 5U
Since U n is bounded and F n tends to infinity, V n must also tend to infinity as n tends to infinity. Thus, it is clearly a contradiction once we choose ε < 1. By Lemma 2.3, we conclude that there are infinitely many primes satisfying Wall's conjecture.
Our argument can be easily generalized to a Fibonacci-like sequence. We merely need to change the height functions and radical into generalized forms.
A heuristic approach to Wall's conjecture
Instead of providing a definitive statement as to the truth of Wall's Conjecture, we can give a heuristic that the conjecture is in fact false. There are two other heuristics that are in mild conflict, and our heuristic aims to reconcile the two. The first, from Crandall, Dilcher, and Pomerance, uses the fact that p is a Fibonacci-Wieferich prime if and only if F p−( 
Assuming k is randomly distributed between 0 and p − 1, there should be a 1/p chance that p is a Fibonacci-Wieferich prime. Since the sum of 1/p over all primes diverges to infinity, this heuristic predicts infinitely many such primes [2] . The second heuristic is due to Klaška and breaks the problem into two cases where either p ≡ ±1 mod 5 or p ≡ ±2 mod 5. He argues in the first case there is a 1/p 2 chance of p being a Fibonacci-Wieferich prime, and a 1/p chance in the second. While this still results in infinitely many Fibonacci-Wieferich primes, it predicts significantly less than the first heuristic [4] .
Our heuristic takes an approach similar to Klaška's by splitting into two cases, but by considering some extra information from the norm we argue that both should result in a 1/p chance. In our case, let K = Q(α) and O K = Z[α] be the ring of integers of K where α = (1 + √ 5)/2.
